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Review

In previous lecture, we learned the syntax of first-order logic.
> Alphabet of First-order logic
> Terms
» Formulas
» Free and bound variables
> Substitution

Now, we assign the Mathematical object to each symbol in first-order language.



Structures

Before define the semantics of first-order logic, we need to consider our
language domain.

Definition

An S-structure is a pair A = (A, a) with the following properties:
> A is a non-empty set, called the domain or universe of I
> ais a function that assigns from symbols to following:

> for every n-ary relation symbol R in S, a(R) is an n-ary relation on A
> for every n-ary function symbol f in S, a(f) is an n-ary function on A
> for every constant ¢ in S, a(c) is an element of A

From Ebbinghaus textbook, for convenience, we denote a(R), a(f), a(c) by

RA A ¢ or RA, fA, cArespectively.
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Example of Structures

We write S = {R, f}, where R is a n-ary relation symbol, f is a n-ary function
symbol. The structure of S is denote as A = (A, R, f1).
We consider symbol set of arithmetic as follows:

Sy :={+,-,0,1} and S; :={+,-0,1,<} (1)
We will use N as the structure of natural number arithmetic with S,; (equation 1).
N = (N, +1, 1,0, 1)

where, our domain is N, 4+ and - are addition and multiplication, 0 and 1 are zero
and one respectively.
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Structures and Interpretations

We remain the variable symbols for semantics of first-order logic. We assign a
value in our domain A to each variable.

Definition
An assignment in S-structure A is a function 3 : {vy|n € N} — A from the set of
variables into the domain A.
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Structures and Interpretations

Now, we combine structure and interpretations together.

Definition
An S-interpretation 7 is a pair (A, B), where A is an S-structure and g is an
assignment in A.
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Structures and Interpretations

We might consider assignment is a subtitution of variables to values in domain.

We can write as follows:

ﬁ_

a

>

(y) = {ﬁ(y) otherwise

a

ify =x
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Interpretations

Let’s define interpretation 7 = (A, ) is given by
I =(N,+,-,0,1,<) and pB(v,) =2nforn>0
Example

The formula v - (v1 + Vo) = vy reads as 4 - (2 + 4) = 8.
Question: Interprete the follwing formulas by 7.

dvovp + vo = vq
YvoVvidva(vo < Vo A Vo < vy)
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As we learned in propositional logic, we need to define the semantics of
connectives with truth-table.

Connectives
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Now, we define interprete of our S-formula. Let’s given S-formula ¢ and
S-interpretation 7 = (A, B). Interpreted result is denoted by 7(¢). We define
I () by induction on terms Comecives
Definition
> For a variable x let 7(x) = B(x)
» Foraconstant ¢ € Slet 7(¢) = ¢c?

> For n-ary function symbol f € Sand terms t;,...,t, let
I(f(ty,.... 1) = FY(I(t), -, I(tp))



The Satisfication Relation

For all interpretations 7 = (A, ) we define following interpretations

>

I IZ (t1 = tg) iff. J(t1) = I(tg)

> T (Rty...t) iff. RA(I(t),...,I(tn))

vV V. vV vV vV VY

T = (~g)iff. not I = ¢

TE(Ay)iff. TEpand I Ey¢
TE(evy)ift. TEpor Ty

TE (¢ > v)iff. T = gimplies T = ¢
TE(owif. TEgeift. TEy

T (Yxp)iff. forallae A, 72 = ¢

T = (Ixg) iff. there existsa € A, 72 = ¢
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Definition

Let ® be a set of S-formulas and ¢ be an S-formula. We say that

¢ is a consequence of ® (written ® |= o) iff. for every S-interpretation 7 if 7 =y
forall y € &, then I = ¢.

Definition Consequence
A formula ¢ is valid (written |= @) iff. 0 = ¢.

Definition

A formula ¢ is satisfiable (written Sat ) if and only if there is interpretation which
is a model of ¢. A set of formula & is satisfiable if and only if there is
interpretation which is a model of ®.

Note. The satisfiability of formula is called SAT problem. It is one of the most
important problem in computer science and its complexity is NP-hard.
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In previous lecture, we consider about left inverse of group. Let’s the set of

axiom of group formula as ®;.
Now we can formulate the left inverse of group as follows:

(Dgr ': {VV03V1 (v1 “Vg = e)} (4) Consequence
where the axiom of group as follows:

¢gr = {VVOVV1VV2(VO ’ (V1 : V2) = (VO ’ V1) ’ VQ)’
VV()(VO e = Vo),VV03V1(V1 Vo = e)}
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Lemma
For all ® and ¢,

Consequence

S = ifff notSard U {—y}

Question: Prove it.
Hint: Use the definition of consequence relation.
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The satisfication relation between S-formula ¢ and an S-interpretation 7

depends only on interpretation of the symols of S occuring in ¢, and on the
variable occurring free in .

Definition
Two interpretation 71 and 7, agree on k € S on x if k™' = k™2 or B1(x) = Ba2(x).

Lemma
Let's 71 = (A4,B) be an Sy-interpretation and 7, = (A, B) be an
So-interpretation. both with the same domain Ay = As. Put S .= S; N So.

> Lett be an S-term. If T4 and I» agree on the S-symbols occuring in t and
on the variables occuring in t, then I1(t) = I(t).

> Lety be an S-formula. If I1 and I agree on the S-symbols and the
variables occuring free in ¢, then (I'1 = @iff. 12 = ¢).



Coincidence

Me when proving literally anything in
mathematical logic, automata theory,

or computability

O
U)Hnducl\on

Induction)

Induction)
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Coincidence lemma says that, for an S-formula ¢ and an S-interpretation

I = (A, B), the validity of ¢ under I depends only on the assignments for the

finitely many variables occuring free in ¢.

If these variables among vo, v1, ..., Vn—1, the B-values a; = B(v;) for

i=0,...,n—1which are significant. Thus instead of (A, B) = ¢, we shall often S—
use the more suggestive notation

ﬂ|:¢[ao,...,an_1] (5)

If ¢ is a sentence, we can choose n = 0 and write A = ¢ without even
mentioning an assignment. We say that A is a model of ¢.
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Definition
Let S and S’ be a symbol sets such that S € S’. Let A = (A, a) be an
S-structure, and A’ = (A’, a) be an S’-structure. we call A a reduct (or the
S-reduct) of A" and write A = A’|g iff A = A’ and a and o’ agrees on S. We
say that A’ is an expansion of A.

Example
The ordered field R* of real numbers as an S;;-structure is an expansion of the
field R of real numbers as S,;-structure.

R = 7€<|sar

Satisfiability on Reduct and Expansion
® is satisfiable with respect to S iff $ is satisfiable with respect to S’.
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Definition

Let A and B be S-Structures
» Amapr: A — Bis called an isomorphism of A onto B (7 : A ~ B) iff

> 1 is a bijection of A onto B.
» Forn-ary Re Sand ay,...,an € A,

Satisfication
Relation

> Forn-ary fe Sand ay,...,ap €A,

n(fYa,...,an)) = B(x(ar),....n(an))

> Force S,
pi(c™) = c®

> Structure A and B are said to be isomorphic (A ~ B) iff. there is an
isomorphism 7 : A ~ B.



Example of Isomorphism

Example
The S,-structure (N, +, 0) is isomorphic to the S-structure (G, +¢,0)
consisting of the even natural numbers with ordinary addition +¢ and 0.

Question: Find the isomorphism 7 : N — G.
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Isomorphism
Lemma
For isomorphic S-structures A and B and every S-sentence o,
AkEe . BEy
Corollary
Ifn: A~B, thenforpe LS anday,...,an1 €A,

A IZ (p[ao,...,an_1] ljf B |: (,D[JT(ao),...,ﬂ(an_1)]

Note that, isomorphic structures cannot be distinguished in L(;S. For example,
there are structures not isomorphic to the S,;-structure N of natural numbers in
which are the same first-order sentences hold.
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Substructure

Definition
Let A and B be S-structures. Then A is called a substructure of B (A C B) iff.
» AcCB

> » fornaryRe S, R"=RENA"
> for n-ary f € S, f'is the restriction of 2 to A"
» force S, c"=c?

For example the (Z, +,0) is a substructure of (Q, +,0)
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Substructure

Lemma

Let A and B be S-structures with A C B and letB : {van € N} —» A be an
assignment in A. Then the following holds for every S-term t

(A.B)(1) = (8,8)(1)

and for every quantifier-free S-formula ¢:

(AB) = o

iff

(BB E¢

Mathematical Logic
and Computability

Yunpyo An

Satisfication
Relation



Universal Formula

Definition

The formulas which are derivable by means of the following calculus are called

universal formulas.

— if pis quantifier-free
¥

o, Y
(o *

¥)

for x € {A, V}

i
VX
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Lemma

Let A and B be S-structures with A C B and let ¢ € LY be a universal. Then the
following holds for all ag, ...,an-1 € A:

IfBE ¢lag, ..., an 1], then A k= ¢lay, ..., an1]

Satisfication
Relation

Corollary
If A C B, then the following holds for every universal sentence ¢:

B¢, then A ¢
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Definition

The axioms of group are the following formulas in ®;:

YvoVviVva(vo - (vi - vo) = (Vo - vy) - Vo)
Yvo(vo - e = w)
VV03V1(V1 Vo = e)

Formalization of

We can assign the set of mathematical objects to our structure, then we have First-order Logic
interpretation of group G.

Question: Formulate following sentences in first-order logic. "There is no

element of order two in a group.” (order two means thataoc a = e)

Q= —ElVo(—!Vo =eAVoVW = e)



Equivalence Relations

When the tree defining properties of an equivalence relation can be formalized
with the aid of a single binary relation symbol R as follows:

V¥ xRxx
VxVy(Rxy — Ryx)
VxVYy¥z((Rxy A Ryz) — Rxz)

Question: Formalize following example

Example

If x and y are both equivalent to a third element, then they are equivalent to the
same elements.
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The axioms of field are the following formulas in the symbol set S, = +,-,0, 1:

VvV viYva(vo + (Vi + v2) = (Vo + V1) + W)
VVQ(VO +0= Vo)

VV03V1(V0 + vy = )

VVOVV1(V0 . (V1 . V2) ( ) V2)

VVo(Vo 1= Vo)

Vvo(-x=0— Jyx-y=1)

)

)

)

1

Formalization of
First-order Logic
YvoVvy (VO +VvVi=VvVi+ VW
VVOVV1(V0 Vi=Vi-Vp
VVOVV1VV2((V0 + V1) Vo = (Vo . V2) ( )

—|OE



Limitation of First-order Logic: Torsion Group

A group G is called a torsion group if every element of G has finite order.
If for every a € G there is an n > 1 such that a" = e€.

Question: Can we add axioms of torsion group to our first-order logic?
Answer: No. We may “ad hoc” formulation of above statement as follow.

VX(x=eVxox=eVxoxox=eV...)

But our first-order logic cannot express the infinite disjunction.
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We discuss with the structure of natural number arithmetic system with addition

as N, = (N, 0,0), where o is a unary successor function. Later, we may extend

this structure to N = (N, +,-,0, 1, <).

Definition

N, satisfies the so-called Peano axiom system:
> 0 is not a value of the succesor function o
> ois injective_ Formalization of

First-order Logic

> For every subset X of N, if 0 € X and o-(X) € X, then X = N.

Question: Can we formalize the Peano’s axioms in first-order logic?
Answer: No. We may "ad hoc” formulation of above statement as next slide.
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Vx-ox =0

VxVy(ox = oy - x=Yy)

How about third axiom?

Formalization of
First-order Logic

VX (X0 A VX(Xx = Xox) — YyXy)

In third axiom, we need quantifier in set and quantifier on set which is not in
first-order logic.
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Theorem

Every structure A = (A, c*, 0*) which satisfies three Peano’s axioms is
isomorphic to N;.

In order to show that every element of the domain A has a certain property P,

one verifies that 0 has the property P and that if an element a has the property o raliaton of
P, then o#(a) also has the property P. Suppose A = (A,c”,0%) is a structure ~ Fistorder Logic
which satisfies the Peano’s axioms.
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The isomorphism 7 : N, = A is defined by induction on terms.

m(0) := 04

n(a(n)) := o*(x(n)) forall n € N
that is

Fe lizati f
n(0) = 0% (6) Lot

m(n+1) = o*(n(n)) forall n € N 7)

And we want to show that x is a bijective map from N onto our domain A.



Limitation of First-order Logic: Peano’s axioms

Surjectivity By induction in A we prove that every element A lies in the range of
TT.

Injectivity By induction on n we want to prove "For all m e N, if m # n, then
n(m) # n(n).”
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Let’s consider following example.
=dzz+z=x

Question: If we replace the variable x by y, then what is the result?

Question: If we replace the variable x by z, then what is the result?

Question: If we replace the variable z by u, then what is the result?

By above example, we need a rule for substitution. In process of replace, we

need to replace only one variable at a time. In this section, we consider pairwise  susitution
distinct variables Xy, ..., X, and arbitrary terms fy, ..., t.

Note that, we can only define substitution when x; is occur free in formula.



Substitution in Terms

In this section, we may wonder about how to define subtitute a term t for a
variable x in a formula ¢ at the places where x occurs free.

Definition

Xto---tr __{ X ifX#X0,....X %X

X0...Xr t if Xx = x;
fo...t
c——L .—=¢

XOXr

ft] ...t = flt U
1t ”]xo...xr (1 "X )
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Definition
, P T/ i 1} L t
[t15t2]xo =1 - rEtzo 3
O...Xr XO...Xr XO...Xr
, N N / , ..ot , oot
R ...t .— Ry 2T g2t
X0... . Xr (pxo. Xy
ty...t ty...t ty...t Substiution
( V),b) 0 r :(¢ 0 r V"bO r)
X0 - r X0 Xr X0 Xr

How about quantifier?
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Definition
Suppose X;,, ..., X, (i1 <--- < s) are exactly the variables x; among the

Xo, - - ., Xy such that
x; € free(Ixp) and Xx; # 4

In particular, x # Xxj,,..., X # Xj,. Then set

to...tr

Xo...X

oo tu
[Ax¢] e ]

Xiy - .- XjgX

S

=du [(,D

r Substitution

where u is the variable x if x does not occur in t;, ... t;;, otherwise u is the first
variable in the list vp, v1, v2, . .. which does not occur in ¢, fj,, .. ., ti..
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Lemma
For every term t

fo...1 I(ty),..., I(t

(ot - p 10 T g

XOXr XO,...,Xr
And for every formula ¢

totr . I(to),...,.[(tr)

I ': <pX0 . Xr l‘ﬁ‘ Z XO’ e, XI’ ': Substitution
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The number of connectives and quantifiers occurring in a formula ¢ the rank of
@, written rk(¢p).

Question: How can we define it?

Question: After substitution, the rank of formula is changed?

Substitution
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