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1.

. Let I be a nonempty set. For every i € I, let A; be an S-structure. We write []

For S-strucutres A = (A, a) and B = (B, b) let A x B, the direct product of A and B, be the
S-structure with domain
A x B :={(a,b)la € A,b € B}

which is determined by the following conditions
for n-ary R in S and (a1,b1),...,(an,bp) € AX B

RYB(ay,b1)... (an,by) iff  RA(ay,...,an) and RE(by,. .., by)
for n-ary f in S and (a,b1),...,(an,bn) € A X B

FAB((a1,b1) .. (an,bp)) = (fA(a1, ... an), fB(b1, ..., b))

for ¢ € C and (a,b) € S

CAXB — (C'A B)

,C
Question: Show following statements

(a) If the Sy-structures A and B are groups, then A x B is also a group.
(b) If the Su-structures A and B are fields, then A x B is not a field.

ser Ai for the

direct product of the structures A;, that is, the S-structure A with domain

HAi ={glg: I = UjerAi,and for all i € I : g(i) € A;}
il

which is determined by the following conditions. (where for g € [[,c; A; we also write
(g(i)|i € I)) For n-ary R € S and g1,...,9n € [[;c1 4is

RAg1...gn iff VieI:RYg(i)...g.(0)
for n-ary f € S and g1,...,9n € [[;c; 4is

A1 gn) = (fYg10) ... gn(i)]i € I)

and for ¢4 := (cAi|i € I).
Question: If ¢ is an S-term with var C {vo,...,v,—1} and if go,...,gn-1 € [[;c; Ai, then
the following holds:

A

90y - sG] = % [go(0), ..., gn_1(3)]|i € I)




3. Formulas which are derivable in the following calculus are called Horn formulas

ifne Nand ¢1,...,pn, p are atomic formulas
(mp1 V...V, Vo)

if n € Nand ¢1, ..., v, are atomic formulas
o V...V oy

0, ® ¥
(o Ap) Vap Iz

Horn formulas without free variables are called Horn sentences.
Question: If ¢ is a Horn sentence and if A; is a model of ¢ for i € I, then [[,.; Ai = ¢.
Note: If formula ¢ is derived from only terms it called atomic formula.




1 Definitions and Notations

1.1 Structure and Interpretation

Definition 1.1. An S-structure is a pair A = (A, a) with the following properties:
e A is a non-empty set, called the domain or universe of 7
e ais a function that assigns from symbols to following:

— for every n-ary relation symbol R in S, a(R) is an n-ary relation on A
— for every n-ary function symbol f in S, a(f) is an n-ary function on A

— for every constant ¢ in S, a(c) is an element of A

Definition 1.2. An assignment in S-structure A is a function g : {v,|n € N} — A from the set of
variables into the domain A.

Definition 1.3. An S-interpretation Z is a pair (A, 3), where A is an S-structure and £ is an
assignment in A.

1.2 Satisfication Relation

Definition 1.4. We define Z(¢) by induction on terms

e For a variable z let Z(x) = f(x)

e For a constant ¢ € S let Z(c) = c*

e For n-ary function symbol f € S and terms ty,. .., t, let Z(f(t1,...,tn)) = fAZ(t1),--- , Z(tn))
Definition 1.5. For all interpretations Z = (A, 3) we define following interpretations

o T (t1 =to) iff. Z(t1) = Z(t2)
Rty...t,) iff. RAMZ(t),...,Z(tn))

o 7

(A

—p) iff. not Z = ¢
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Jwyp) iff. there exists a € A, T2 = ¢



1.3 Consequence Relation

Definition 1.6. Let ® be a set of S-formulas and ¢ be an S-formula. We say that
¢ is a consequence of ® (written ® = ¢) iff. for every S-interpretation Z if Z = ¢ for all ¢ € ®,
then Z = .

Definition 1.7. A formula ¢ is valid (written = @) iff. § = .

Definition 1.8. A formula ¢ is satisfiable (written Saty) if and only if there is interpretation
which is a model of . A set of formula @ is satisfiable if and only if there is interpretation which
is a model of .

Lemma 1. For all ® and ¢,

O = iff. not Sat® U{-¢}
Definition 1.9. Two interpretation Z; and Z, agree on k € S on x if k41 = k42 or By (x) = B2(z).

Lemma 2. Let’s Z; = (A1, 3) be an Sy-interpretation and Iy = (Ag, 5) be an Se-interpretation.
both with the same domain A1 = Ay. Put S := 51N .Ss.

o Lett be an S-term. If I1 and Is agree on the S-symbols occuring in t and on the variables
occuring in t, then Z;(t) = Io(t).

o Let v be an S-formula. If Z; and Iy agree on the S-symbols and the variables occuring free
in p, then (11 = oiff.-Zo = ).

1.4 Lemmas in Satisfication Relation
Definition 1.10. Let A and B be S-Structures
e A map 7 : A — B is called an isomorphism of A onto B (7w : A ~ B) iff

— 7 is a bijection of A onto B.

— For n-ary R€ S and aq,...,a, € A,

RMay,...,an) iff RB(w(a1),...,m(an))

For n-ary f € S and ay,...,a, € A,

(fAay, ... an)) = fB(n(ar), ..., m(an))

For c € S,
B

pi(c?) = ¢
e Structure A and B are said to be isomorphic (A ~ B) iff. there is an isomorphism 7 : A ~ B.

Lemma 3. For isomorphic S-structures A and B and every S-sentence ¢,

AEe iff. BEg



Corollary 1. If 7 : A~ B, then for ¢ € L and ag,...,an_1 € A,

A= vlag, ..., an—1] iff. BE[n(ag),...,m(an-1)]
Definition 1.11. Let A and B be S-structures. Then A is called a substructure of B (A C B) iff.
e ACB

e —fornary ReS, R*=RBnA"
— for n-ary f € S, f# is the restriction of 8 to A™
—force S, A =B

Lemma 4. Let A and B be S-structures with A C B and let B : {vp|n € N} — A be an assignment
in A. Then the following holds for every S-term t

(A, B)(t) = (B,8)(t)
and for every quantifier-free S-formula ¢:
(AB)Ev iff. (BB Ee

Definition 1.12. The formulas which are derivable by means of the following calculus are called
universal formulas.

—if pis quantifier-free
2

(sf:fl)) forx € {A, V}
£
Yo

Lemma 5. Let A and B be S-structures with A C B and let ¢ € L5 be a universal. Then the
following holds for all ag,...,ap_1 € A:

IfB = ¢lag, - . ., an—1], then A |= plag, . .., an-1]

Corollary 2. If A C B, then the following holds for every universal sentence @:

IfB = ¢, then A |= ¢



